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Abstract. We study the leading order behavior of positive solutions of the 
equation 

-Au + eu-\u\P^^u+\u\''^^u = 0, xeR^, 

where N>3, q>p>2 and when e > is a small parameter. We give a 
complete characterization of all possible asymptotic regimes as a function of 
p, q and A'^. The behavior of solutions depends sensitively on whether p is less, 
equal or bigger than the critical Sobolev exponent p* = ■ P < P* the 
solution asymptotically coincides with the solution of the equation in which 
the last term is absent. For p > p* the solution asymptotically coincides with 
the solution of the equation with e = 0. In the most delicate case p = p* 
the asymptotic behavior of the solutions is given by a particular solution of 
the critical Emdcn-Fowler equation, whose choice depends on e in a nontrivial 
way. 



1. Introduction. 

1.1. Setting of the problem. This paper deals with the analysis of positive so- 
lutions of the scalar field equation 

(Pe) -Au + eu-\u\P-^u+\u\'^-^u==0 in M^, 

where N>3, q>p>2 and e > 0. Specifically, we are interested in the case where 
e is a small parameter, with all other parameters fixed. Our goal is to understand 
the behavior of ground state solutions of (P^) for e ^ 1. By a ground state solution 
of (Pe) we understand a positive weak solution G H^{R^) LP{R^) n i«(R^) 
of (Pe). These solutions are critical points (saddles) of the energy 

(1.1) £.{u):^ f l\Vu\^ + Uufdx--\u\P + -\u\'idx. 

Jr" 2 2 P q 

The existence and uniqueness of ground state solutions of (Pe) with e > is well 
known. The existence goes back to Strauss [551 Example 2] and Berestycki and 
Lions [5l Example 2] . Note that by strict convexity of the integrand in £e (") for large 
|u| every weak solution of (Pe) is essentially bounded, and so by elliptic regularity 
these are classical solutions of (Pe) that decay uniformly to zero as \x\ — 00. 
Then the classical Gidas-Ni-Nirenberg symmetry result [TH Theorem 2] implies 
that every ground state solution of (Pe) is spherically symmetric about some point. 
The uniqueness of a spherically symmetric ground state is rather delicate and was 
proved only quite recently by Serrin and Tang |28l Theorem 4 (ii)]. The following 
theorem summarizes all the above results. 
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Theorem A ([H [51 [H Hi)- Let N > 3 and q > p > 2. There exists > 
such that (Pg) has no ground state solutions for e > e*, while for every e € {0,£*) 
equation (Pg) admits a unique ground state solution G C°°(M^) such that u^{x) 
is a monotone decreasing function of \x\ and there exists > such that 

(1.2) lim |x|^e^l"lue(a;) = >0. 

Furthermore, every ground state solution of (Pi;) is a translate of Ue- 

We note that the threshold value e* m Theorem II .11 is simply the smallest value of 
£ > for which the energy £^ is non-negative and can be easily computed explicitly. 

We are interested in the asymptotic behavior of the ground states as e — >• 
0. This question naturally arises in the studies of various bifurcation problems, 
for which (P^) can be considered as a canonical normal form (see e.g. [9j [30]). 
Problem (Pg) itself may also be considered as a prototypical example of a bifurcation 
problem for elliptic equations. In fact, our results are expected to remain valid for 
a broader class of scalar field equations whose nonlinearity has the leading terms 
in the expansion around zero which coincide with the ones in (P^). Let us also 
mention that problem (P^) appears in the studies of non-classical nucleation near 
spinodal in mcsoscopic models of phase transitions [Tj [22l [29], as well as in the 
studies of the decay of false vacuum in quantum field theories [5]. 

In order to understand the asymptotic behavior of as £ — >■ 0, we again note 
that for u>\ the energy density in £^ (u) is strictly convex. Hence we may conclude 
that the ground state solution in Theorem 11.11 satisfies a uniform upper bound 

(1.3) ue(0) < 1 for aU £ e (0,£*). 

Elliptic regularity then implies that locally over compact sets the solution con- 
verges as £ —> to a radial solution of the limit equation 

(Po) ^Au-\u\P-^u+\u\'^-^u^O inR^. 

It is known that (here and everywhere below p* :~ 77^): 

• for 2 < p < p* equation (Pq) has no finite energy solutions, which is a direct 
consequence of Pokhozhaev's identity (sec Remark |5.1|) : 

• for p > p* equation (Pq) admits a unique radial ground state solution. The 
existence goes back to [SJ Theorem 4] , see also [2D1 [21] , while the uniqueness 
was proved in [21] [18] . 



Note that the natural energy space for equation (P^) is the usual Sobolev space 
H^{R^) = {ue L^(R'^) : ||Vu||l2 < 00}, while for p > p* the limit equation (Pq) 
is variationally well-posed in the homogeneous Sobolev space D^{R^), defined as 
the completion of C^(IR^) with respect to the Dirichlet norm ||Vu||l2. Clearly, 
H^{M.^) C £)i(E^) and as a consequence, no natural perturbation setting (in the 
spirit of the implicit function theorem) is available to analyze the family of equations 
(Pe) as £ — >■ 0. In fact, a linearization of (Pq) around the ground state solution is 
not a Fredholm operator and has zero as the bottom of the essential spectrum in 
L'^{'R^). As a consequence, advanced Lyapunov-Schmidt type reduction methods 
of Ambrosetti and Malchiodi [3] are not applicable to the family of equations (Pe)- 

If we introduce the canonical rescaling associated with the lowest order nonlinear 
term in (Pe): 

1 fx 

(1.4) v{x)=e''~iL\—= 
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then (Pg) transforms into the equation 

{Re) -Av + v^\v\P-^v-e^ Ivl'i-^v in R^. 

The hmit problem associated to (Re) as e has the form 
(i?o) -Av + v = \v\P-^v inM^. 

It is well-known that: 

• for p > p* equation (Rq) has no finite energy solutions, which is a direct 
consequence of Pokhozhaev's identity (23i iSj*): 

• for 2 < p < p* equation (Rq) admits a unique radial ground state solution. 
The existence goes back at least to [55], the uniqueness was proved in [T7] . 

The advantage of the rescaling (|1.4p is that at least in the range 2 < p < p* both 
(Re) and the limit problem (i?o) a-rc variationally well-posed in the same Sobolev 
space H^{R^). Then the rescaled problem (Re) could be naturally seen as a small 
perturbation of the limit problem (Rq) and the family of ground states (we) of 
problem {Re) could be rigorously interpreted as a perturbation of the ground state 
solution of the limit problem {Rq). This could be done e.g. by using a combination 
of the variational and Lyapunov-Schmidt perturbation techniques as developed by 
Ambrosetti, Malchiodi et al., see [3] and further references therein. 

The distinction between the asymptotic behaviors of the solutions of problem 
(Pe) as e — >■ depending on the value of p as compared to p* was first pointed 
out in [22) . There it was also observed that the asymptotic behavior of the ground 
states Ue for p ^ p* is not controlled by the solution set structure of either {Pq) 
or {Rq). Formal asymptotic analysis of [35] explains that, in fact, three different 
asymptotic regimes have to be distinguished in (Pg): the subcritical case 2 < p < p* , 
the supercritical case p > p* and the most delicate critical case p ^ p* . 

It this work, using an adaptation of the constrained minimization techniques 
developed by H. Berestycki and P.-L. Lions in [S], combined with the Pokhozhaev 
identities associated with (P^) and relevant limit problems, we provide a complete 
analysis of these three asymptotic regimes. The analysis confirms and extends the 
ideas introduced in [22] and gives a full characterization of the asymptotic behavior 
of ground state solutions of (Pg) for e — >• 0. 

Notations. For e <C 1 and f{e),g{e) > 0, we write /(e) < 5(e), ./(e) ^ g{£) and 
f{e) ~ .g(e), implying that there exists Eq > such that for every < e < £0: 

f{e) < g{e) if there exists C > independent of e such that f{e) < Cg{e); 

f{e) ^ g{e) if f{e) < g{e) and g{e) < /(e); 

/(e) 5(e) if /(e) ~ g{e) and lim.^o fg} = 1- 

We also use the standard notations / ~ 0{g) and / = o{g), bearing in mind 
that / > and g > 0. As usual, C, c, ci, etc., denote generic positive constants 
independent of e. 

2. Main results. 

2.1. Subcritical case 2 < p < p* . Since in the subcritical case the limit equation 
(Pq) has no ground state solutions, in view of (|1.3p the family of ground states 
Ue must converge to zero, locally over compact subsets of M^. To describe the 
asymptotic behavior of Ue we use the rescaling (|1.4p which transforms (P^) into 
equation {Re)- For 2 < p < p*, let vq{x) denote the unique radial ground state 
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solution of the limit equation (Rq). It is well-known that vq e C°°(R^), vo{x) is a 
monotone decreasing function of and that 

(2.1) lim |a;|^el^lMe(2:) = Co > 0, 

|a;|— >oo 

cf. [5]. The advantage of the rescaling (jl.4p is that both (Re) and the limit problems 
(Rq) are variationally well-posed in the Sobolev space H^(R^). Note however that 
(Rq) is translationally invariant and hence the radial ground state vq{x) is not an 
isolated solution. As a consequence, an Implicit Function Theorem argument is not 
directly applicable to (Re)- Nevertheless, it is known that the linearization operator 
—A + 1— {p— 1)vq~ of (Rq) around the ground state vq is a Fredholm operator in 
H^{M.^), see [31 Lemma 4.1]. Then perturbation techniques in could be easily 
adapted in order to show that for all sufficiently small e > equation (Re) admits 
a radial ground state Ve{x) which converges to vo{x) as e — > 0. Rescaling back to 
the original variable and taking into account the uniqueness of the radial ground 
state of (Pe) we arrive at the following (folklore) result. 

Theorem 2.1. Let 2 < p < p* . As e — > 0, the reseated family of ground states 

(2.2) v,{x):^e-^u,(^-^^ 

converges to vq{x) m iJi(R^), ^'(R^) and C'^{R^). In particular, 

(2.3) u,{0)-£^'MO)- 

In the last section of this work we provide a short alternative proof of this result 
based only upon variational methods which are developed in the main part of this 
paper and without explicit references to perturbation techniques. 

Remark 2.2. For p > p* Pokhozhaev's identity implies that (Rq) has no nontrivial 
solutions in i7^(R^). In fact, it is known that vq{0) oo as p f P*- Note that 
a complete asymptotic characterization of the ground states of equations (Rq) as 
pt P* {a^nd more general m-Laplace equations of type (i?o)) was given in P^[T31[TT] . 
More specifically (see [131 Corollary 1]), if S := p* — p, then for (S | it holds 

r 7V>5, 

(2.4) wo(0)~/3wJ S-^\\ogS\, N^4, 

for some explicit constants /Sat > 0. This suggests that for p ~ p* rescaling (|1.4p 
fails to capture the behavior of the ground states and a different approach is 
needed to handle the critical and supercritical case. Note also that the asymptotic 
behavior of ground states of "slightly" subcritical elliptic problems in the context 
of bounded domains was studied in [HIHl [IHl HI] • 

2.2. Supercritical case p > p* . In contrast to the subcritical case, for p > p* the 
limit equation (Pq) admits a unique radial ground state solution ^0(2;) > 0. It is 
known that uq G C2(R^), uo{x) is a monotone decreasing function of |a;| and that 

(2.5) lim Ixl'^-^uoix) = Co > 0, 

|a:|— ^00 

see [5l Theorem 4] or [20l[21] for the existence, and [2T1[T8] for the uniqueness proofs. 
However, as was already mentioned, the linearization operator — A — {p — ^)uq of 
(Po) around the ground state uq is not Fredholm and has zero as the bottom of the 
essential spectrum in L^(R^). As a consequence, standard perturbation methods 
are not applicable to (Po). Using a direct analysis of the family of constrained 
minimizations problem associated to (Pe), we prove the following. 
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Theorem 2.3. Let p > p* . As e — > 0, the family of ground states converges to 
uo in D^{M.^), Li{R^) and C^{M.^). In particular, 

(2.6) u,(0) ~ uo(0). 
In addition, e\\ue\\l — > 0. 

Remark 2.4. For p = p* Pokhozhaev's identity implies that (Pq) has no nontrivial 
solutions in Z)^(M^). In fact, it is not difBcult to show that uo{0) as p I p* . 
Moreover, if 5 : = p — p* , then for (5 4- we prove 

(2.7) S^<uoiO)<S^, 
and, provided that q > -^^^z^i 

(2.8) ito(O) - d^. 

See Section [53] for further details and full statements. Note that related estimates 
for the asymptotics of ground states of (Pq) with fixed q > p > p* on a sequence of 
expanding domains were studied in [201 121j . 

2.3. Critical case p ^ p* . In the critical case both the unrescaled limit equation 
(Pq) and the "canonically" rescaled equation (i?o) have no nontrivial finite energy 
solutions. We are going to show that after a suitable rescaling the correct limit 
equation for (P^) is in fact given by the critical Emden-Fowler equation 

(i?*) -AU = UP'-^ in M^. 

It is well-known that the radial ground states of (i?*) are given by the function 

JV — 9 

/ It|2 

(2.9) Ui{x):=(l + 



N{N - 2) 
and the family of its rescalings 

(2.10) t/A(x) — C/i (-] , 

Our main result in this work is the following. 



A > 0. 



Theorem 2.5. Let p ~ p* . There exists a rescaling Ag : (0,e*) (0, oo) such that 
as e ^ 0, the rescaled family of ground states 

(2.11) v,{x) -.^ \r^' u,[\,x^ 
converges to Ui{x) in ^^(R^), i«(M^) and C2(R^). Moreover, 

e~^, N>5, 

(2.12) Ae~<j (elogi)"^, TV = 4, 

e~^, N = 3. 

and 



(2.13) Me(0) 



Remark 2.6. Asymptotics (|2.12p and (|2.13p were first derived in [52] using methods 
of formal asymptotic expansions. Theorem l2.5l in particular, justifies the values of 
precise asymptotic constants found in |22j . 
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2.4. Outline. The rest of the paper is organized as follows. In Section [3] we in- 
troduce a variational characterization of the ground states of the problem (Pg) 
as well as some other preliminary results. In Section |4] we study the critical case 
p = p* and prove Theorem 12.51 In Section [5] we consider the supercritical case 
p > p* and prove Theorem 12.31 Finally, in Section [B] wc will revisit the subcritical 
case 2 < p < p* and sketch a simple variational proof of Theorem 12. 1[ in the spirit 
of our previous arguments. 



3. Variational characterization of the ground states. 



The existence and properties of the ground state of equation (P,), as summa- 
rized in Theorem A, could be established in several different ways, e.g. by means of 
ODE techniques. Here we shall utilize a variational characterization of the ground 
states Me developed by Berestycki and Lions in j5]. 

Given q > p > 2 and e > set 

{0, u < 0, 

uP-^ - u-^-^ ~ eu, iie[0,l], F,{u):^ feis)ds. 

ii>l, "'o 

In view of (|1.3p and since we are interested only in positive solutions of {Pg), the 
nonlinearity in (P,) may be always replaced by its bounded truncation fe{u) from 

(EH). 



For e > 0, consider the constrained minimization problem 

S'e:=inf|/ \Vw\'^ dx w e H\R^), p* [ F,{w)dx=l 

As was proved in [SJ Theorem 2], there exists e* > depending only on p and q 
such that for all e G (0,e*) minimization problem (S,) admits a positive radially 
symmetric minimizer Weix). Further, there exists a Lagrange multiplier 9, > 
such that 

(3.2) - Awe = ej.{we) in R^. 
In particular, the minimizer We satisfies Nehari's identity 

(3.3) / \Vw,\^dx = e, [ Mwe)w,dx, 

JR" J 

and Pokhozhaev's identity (see e.g. [51 Proposition 1]) 



(3.4) / \yw^\^dx = e,p* F^{w,)dx. 

JR« J 

The latter immediately implies that 

(3.5) 0, = Se. 

Then a direct calculation involving (j3.5|) shows that the rescaled function 

(3.6) Ue{x) := M 



is the radial ground state of (Pe), described in Theorem A. Another simple conse- 
quence of (j3.4p is that (P^) has no nontrivial finite energy solutions for e > e*. 

Equivalently to (S'e), we may seek to minimize the quotient 

(3.7) S,{w) := "^"^"^ ^ , w e Me, 

p* Jjg.N Fe{w) dx 
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where 

(3.8) Me ■■= \o <ue D'^iM.^), J Fe{w)dx>Oy 

Clearly, if we set w\{x) := w{Xx) then Seiwx) = Se{w) for all A > 0, that is is 
invariant with respect to dilations. This implies that 

(3.9) Se = inf Se{w). 

In addition, since clearly C Mei for £2 > ei > 0, (|3.9p shows that is a 

monotone nondecreasing function of e £ (0,e*). 

One of the consequences of Pokhozhacv's identity p.4p is an expression for the 
total energy of the solution 

(3.10) £M ^ 



.2 p* 

see [SJ Corollary 2], which shows that is indeed a ground state, i.e. a nontrivial 
solution with the least energy. 

We will be frequently using the following well known decay and compactness 
properties of radial functions on M^. 

Lemma 3.1. [S] Lemma A. IV, Theorem A.I']. 

(1) Let s > 1 and let u E L''(R^) be a radial non-increasing function. Then 
for every x it holds 

(3.11) u{x) <Cs,n\x\-'^\\u\\s, 

where C.n = |Si(0)|-^. 

(2) Let Un G H^{M.^) be a sequence of radial non- decreasing functions such 
that Un ^ u in iJi(M^). Then upon extraction of a subsequence 

(3.12) Un^u m L°°(M^\B,.(0)) and L"(R^\B^(0)) Vr > and Vs > p* . 

4. Critical case p = p*. 

Throughout this section we always assume that p = p* . In this critical case 
Pokhozhacv's identity implies that both the limit equation (Pq) and the canonically 
rcscalcd limit equation (i?o) have no positive finite energy solutions. We are going 
to show that after a suitably chosen rescaling, the limit equation for (P^) is in fact 
given by the critical Emdcn-Fowler equation. 

4.1. Critical Emden Fowler equation. Let 

{S,) S,:=m\ f \Vw\^dx weD\R'^), f \w\p dx ^ l\ 

be the optimal constant in the Sobolev inequality 

(4.1) / \Vw\^dx>sJ[ , -iweD^iR^). 



It is easy to see that 5* is achieved by translations of the rescaled family 

(4.2) Wx{x) C/a (^fslx) , 

where U\{x) are the ground states of the critical Emden-Fowler equation (i?*), 
explicitly defined by (|2.9p . Clearly, 

(4.3) \\Wx\\p = l, \\S/Wx\\l = S.. 



8 



VITALY MOROZ AND CYRILL B. MURATOV 



A straightforward computation leads to the exphcit expression 

(4.4) \\VUx\\l^\\Uxrp = sf. 

Note that the family of minimizers W\ solves the Euler-Lagrange equation 

(4.5) -AW = S.,WP-^ inK^. 

4.2. Variational estimates of S^- For our purposes it is convenient to consider 
the dilation invariant Sobolev quotient 

(4.6) S4w):^ /R.lVH^rfrr^^ ^ w e D^R''), w ^ 0, 



(/r 

so that 



\w 



Pdx 



(4.7) 5*= inf S^w). 



Denote 

(4.8) ae:=Se-S,. 

In order to control in terms of e, we shall use Sobolev's minimizers Wx as a 
family of test functions for S^- Note that since W\ E L^(]R^) only if > 5, we shall 
consider the higher and lower dimensions separately. Straightforward calculations 
show that Wx S L'iR^) for all s > jf^, with 

(4.9) wwxwi = A^-F^iiw^iii: - A-^(^-f)|iw^iii:. 

In particular, if iV > 5 then Wx e L2(K^) and 

(4.10) \\wx\\i = \'m\\i 

To consider dimensions iV = 3, 4, given i? ^ A, we introduce a cut off function 
m e C^{R) such that r]R{r) = 1 for \r\ < R, < i]{r) < 1 for i? < \r\ < 2R, 
Vr{''~) = for kl > 2-R and |?7'(r)| < 2/R. We then compute as in, e.g., [571 Chapter 
III, proof of Theorem 2.10 



(4.13) y |v(r?fiTy,)|2 = 5,+o((_) 

(4.14) J \,^^Wx\P = l-0[(^j^''' 



(4.15) J \r,i,Wx\'^ = A-^('-f)||I^i||^(l - 0((^ 



N-2 J 




(4.16) j \riBWx\' = \'hi,xW,\\i^ 

Using the above calculations we obtain an upper estimate of which is essential 
for further considerations. 



^Note that if < £ Hl^^(W^) solves 

(4.11) -/\U = kU^~^, xi 
for some k ^ 0, then 

(4.12) J \S7{riU)\'^dx = k J r]'^\U\''dx + J |Vr;p(7^ 
See also [27| Chapter III, proof of Theorem 2.1]. 



dx for all r; 6 C;?°(IR^) 
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Lemma 4.1. We have 



g-p 



5,-4 



(4.17) 0<a,<'> (elogi) — , N = 4. 



q-e 



In particular, cr^ — > as e — > 0. 



Proof. To prove that cr^ > simply note that 

(4.18) < S,{w,) < Se{w,) = Se. 

We shall now establish the upper bound on cTg, which clearly tends to zero as e — ?> 0. 

Case TV > 5. Using W\ as a family of test functions, we obtain that W\ e Aie 
for sufficiently small s and sufficiently large A, and we have 

(4.19) S.iWx) < ^* 



(l-/32eA2-/3,A-^(«-p))' 



where 



(4.20) I32:=^\m\l I3^:^qw,\\l. 

z q 

To minimize the right hand side of ()4.19|) . we have to minimize the scalar function 

(4.21) ^(A) /32eA' + /J^A-^f'-f). 
It is easy to see that ip achieves its minimum in scaling at 

(4.22) Ae = e"(«-2K,-2) 
and 



1—p 

— 2 



(4.23) min-0 ^ '(/'(Ae) '-^ £9 

A>0 

For > 5, we conclude that 

(4.24) S,{Wx) < ^* ^ ^S,{l + 0{tljiX,))^S, + 0{e^), 

(l-^(Ae)) " 

and the bound (|4.17p is achieved on the function , where Ag is given by (|4.22p . 

Case TV = 4. Assume i? ^ A. Testing against rjfjWx and using calculations in 
with p = 4, we obtain 

(4.25) MrjnW,) < (^S. + 0{{j)-')^ 

X ([l-0((f )")] - eA^Odog f ) - [1-0((|)-^^-^^)])"^ 

<S,{l + 0{i;{X,R))), 

where 

(4.26) ^(A, R) = £A2o( log I) + 0( (f ) + l3gX-^'-^^ [l - o{l)] . 
Choose 



1 



(4.27) Ae = (£log-) Re=e-i 
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1 \ ^ 

1 \ g-2 



A routine calculation shows that as e — > 0, 

(4.28) log log i 
and hence 

(4.29) V(Ae,i?e) ^ (elog^ 

Thus bound (|4.17p is achieved by the test function ry^j^ , where Ag and are 
given by (g^. 

Case iV = 3. Assume i? ^ A. Testing against rjuWx and using calculations in 
(|i?TO)) - (|ITTB)) with p = 6, we obtain 

(4.30) s,{mWx)< (s. + oiij)-'] 



X ([l-0((f )--^)] - eXO{R) - /3,A-^(-«) )-'-^')] 

<5.(l + 0(^(A,i?))), 



where 

(4.31) ^(A, R) = eXO (R) + o[[j) ) + /3,A-^('-6) [i _ o(i)] . 
Choosing 

(4.32) Ae=e-^, Re = £~K 
we then find that 

(4.33) V(Ae,i?e)^£*^, 

and the bound (|4.17p is achieved on the test function r]^^ , where Ae and R^ is 
given bv □ 



4.3. Pokhozhaev estimates. Nehari identity (|3.3p combined with Pokhozhaev's 
identity p.4p lead to the following important relations. 

Lemma 4.2. S'ei k := > 0. T/ien 

(4.34) = ^e|l«;,|li 

(4.35) |lit;e||^ = l + (^ + l)e||w,|l2. 

Proof. Since is a minimizer of (S'e), identities p.3p - (|3.5p read as 

(4.36) 1 = \\w,r^-\\w,^-e\\w,\\l 

(4.37) 1 = ||^e||?-fil»e||?-fe||^s||i 

q z 

Then the conclusion follows by a direct algebraic computation. □ 
Lemma 4.3. e{K + l)\\w,\\l < ^5-^^(1 + 0(1)). 

Proof. Since is a minimizer of (S'^), with the help of Lemma 14.21 we obtain 

(4.38) < S.{w,) ^ = ^ 



{l + iK + l)e\\w,\\iy 



or, equivalently, 

(4.39) Sr~' (1 + (k + l)e\\w,\\l) < S] 
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Since := S'e — 5**, rearranging and differentiating, for e — > we obtain 

N N N AT 2 

(4.40) s:-'{n + l)e\\wM<Si'-' -S:-' =j;^^S:-'a, + o{a,), 

so the conclusion follows. □ 

Combining the results of the three lemmas just proved, we obtain the following 
result concerning the asymptotic behavior of different norms associated with the 
minimizer of (S'e). 

Corollary 4.4. As e 0, we have 

(4.41) Ik'ell^^l, Ihell^^O, e\\w,\\l^O. 

4.4. Optimal rescaling. Following [TO], consider the concentration function 

(4.42) g,(A) = / \w,\Pdx, 



where here and everywhere below B\ is the ball of radius A centered at the ori- 
gin. Clearly, Qe(-) is strictly monotone increasing, with lim^-i-o Qe('^) — and 
Vmvx^aoQei^) = ll^ellp ^ 1 as £ ^ in view of Corollarv 14.41 Therefore, the 
equation Qe(A) = Q* with 

(4.43) := / \Wi{x)\Pdx < 1, 

JBi 

has a unique solution A = A^ > whenever e <^ 1: 

(4.44) g,(A,) = g,. 

Similarly, since the function 

(4.45) go(A):=/ \Wi{x)\p dx = f \Wx{x)\p dx 



is strictly monotone decreasing, with limA_j.o go(-^) = 1 smd limA->.oo go(-^) = 0, 
there is a unique solution to the equation go (A) = g*. In fact, by the definition of 
g, this equation is satisfied if and only if A = 1. 

Using the value of A^ implicitly determined by (j4.44p . we define the rescaled 
family 



N-2 



(4.46) Veix) ■.= Xe ' w,{Xex). 
Note that 

(4.47) \\v,\\p^\\w,\\p = 1 + 0(1), \\Vv,\\l = \\Vw,\\l = S,+o{l), 
i.e. (wg) is a minimizing family for 5**. Note also that 

(4.48) / \ve{x)\Pdx = Q,. 



The next statement is a direct consequence of the Concentration-Compactness 
Principle of P.L. Lions, cf. jUl Chapter I, Theorem 4.9]. 

Lemma 4.5. \\V{v^ - Wi)\\2 and \\ve - Wi\\p as e ^ 0. 

Proof. By (|4.47p , for any sequence e„ — > there exist a subsequence (e„' ) such that 
{ve ,) converges weakly in 13^ (R^) to some radial function Wo G D^{M.^). Applying 
the Concentration-Compactness Principle (cf. (171 Chapter I, Theorem 4.9] or [211 
Theorem 1.41]) to ^ti^, we further conclude that in fact (fe^, ) converges to 
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wq strongly in D^{M.^) and ^^(R^). As a consequence, ||wo||p = 1 and hence wq 
is a radial mininiizer of (iS^t,), that is wq € {^^a}a>o- Furthermore, 



(4.49) / \wo{x)\Pdx^Q,. 

JBi 

We therefore conclude that wq = W\. Finally, by uniqueness of the limit the full 
sequence (?;„) converges to W\ strongly in Z?^(R^) and L^'(M^). □ 

4.5. Rescaled equation estimates. The rescaled mininiizer defined in (j4.46p 
solves the equation 



(Rl) -Av, + S.eXl V, = S,{\v,r^v, - X, \v,\'i~\, 

obtained from the Euler-Lagrange equation p.2p for (S'e). From the definition of 
we obtain 

(4.50) = >?^\\we\\l. \\vA\l = A-2||z«,||i 
From Lemma 14.21 and Lemma 14.31 we then derive the essential relation 

(4.51) \f'^\\v,\\l^Ke\l\\v,\\l<a,, 
which leads to the following two-sided estimate. 

Lemma 4.6. ae < < e-5cr| . 

Proof. Follows directly from (|4.5ip by observing that 

(4.52) liminf > 0, liminf ||i)j||2 > 0. 



To prove the latter, we note that by Lemma 14.51 and in view of the embedding 
L«(Bi) C LP{Bi) we have 

(4.53) c\\v,xbAU > HxbAp > \\WiXBA\p-\\iWi-v,)xBA\p = II W^iXSi llp-o(l), 

where here and below xbr is the characteristic function of Bf/. Similarly, in view 
of the embedding L'p{Bi) C L^(Bi) we obtain 

(4.54) WVeXB.h > WWiXB^h - \\{Wi - v,)xB^h = \\WiXbA\2 - 0(1), 

so the assertion follows. □ 
Using estimate l|4.17p , we extract from Lemma 14.61 a lower bound 



p-2 

£ 2,-4 N > 5, 



1 p-2 



(4.55) Ae > <T,^--- > { (eiogl)-^, iV ^ 4, 

. £~^, iV = 3, 

and an upper bound 

{1 p-2 
£^2iF^^ TV > 5, 

£-i^(logi)^, iV = 4, 
9-2 
£ i(<j-») , iV = 3. 

Note that for N > 5 the above lower and upper estimates are equivalent, and as a 
consequence we obtain the following. 

Corollary 4.7. Assume N >5. Then ||we||q and ||we||2 are bounded. 
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Proof. Follows from (|i3T|) . (|T55)) and □ 

In the lower dimensions the growth of ||ve||2 is to be taken into account to obtain 
matching bounds, so instead of (j4.56p we shall use a more explicit upper bound 



(4.57) A, < < lltL-ll^i 



e-^/^al ^ I e-^flogi)^"'-' , 4, 



e -4) , = 3, 



which is also a combination of (|4.5ip and (|4.17p . 
4.6. A lower barrier. To control the norm ||w£||2, we note that 

(4.58) - At., + S,eXiv, = S,[vP-^ - X^'^v^'^ > ~V,ix)v,, 
where 

(4.59) V,{x) := SX^vl-^ix). 
According to the radial estimate p. lip . 

(4.60) u,{x)<Cp\x\-^\\u,\\p, 

Using (|4.47p and the fact that < ct^ ^ by Lemmas and WM for 

sufficiently small e > we obtain 

(4.61) 

_ ^(g-P) „ _ 2(q-p} 2(5-2) 2(g-2) 

v,{x) = sAe vrHx)<sAe c^p-'\\v,\\i-^\xr^ <c\xr^, 

where the constant C > does not depend on e or x. Therefore, for small e > 
solutions Ve > satisfy the linear inequality 

(4.62) -AVe + Voix)Ve + SeSXlve>0, X G M^, 

_ 2(<;-2) 

where Vo{x) := C\x\ p-^ . 

Lemma 4.8. There exists R > and c > such that for all small e > 

(4.63) Veix) > c|x|-(^-2)e-^^-l"l (|a;| > R). 



-V?s7a,|x| 



Proof. Define the barrier 

(4.64) he{x) := (|a;|-(^-2) ^ 
where /? < is fixed in such a way that 

(4.65) -(A-2)-fc^</3<-(iV-2), 

p-2 

and the value of c > will be specified later. A direct computation then shows 
that for some i? ^ 1 one get 

(4.66) - A/v + Va{x)h, + eX% 

= { - /3(/3 + TV - 2)\xf-^ + + \xf)\x\-^7^ 

+ ^/IslXe{{2fi + N- l)\xf-^ + (3 - iV)lxr(^-i))} e-^^-l"l 

<{-/?(/? + iV - 2)|a;|^-2 ^ 2C|a;r(^-2)-2f^ } e-v^^^l-l < 0, 

for all |a;| > i?, where i? ^ 1 can be chosen independent of e > 0. 
Note that Lemmas 14.51 and 13.11 imply 

(4.67) \\{Ve ~Wi)xB,^\B^ Joo^Q, 
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and hence 

(4.68) v,{R) > ^Wi{R), 
for all sufficiently small e > 0. Choose c > so that 

(4.69) c(i?-(^-2) + R^) < ^Wi{R). 
Then 

(4.70) Ve > ch^ for > R, 

by the comparison principle for the operator —A + Vq +£A^, (see, e.g., [H Theorem 
2.7]). " □ 

4.7. Case N = 3 and = 4 completed. We shall apply Lemma [4.81 to obtain 
matching estimates on the blow-up of ||ve||2 in low dimensions. 

Lemma 4.9. If N = 3 then \\v^\\l > 

Proof. Assuming N = 3 we directly calculate from Lemma 14.81 

(4.71) \\v,\\l> f \v^\Ux> r c^e-^^^^^dr>-^, 

which is what is required. □ 
As an immediate corollary, using (|4.57p . we obtain an upper estimate of which 
matches the lower bound of (|4.55p in the case = 3. 

Corollary 4.10. IfN^^ithenX, < e^T^ . 

Next we consider the case = 4. 
Lemma 4.11. If N = 4, then \\v,\\l > log^^. 

Proof. Assuming A'^ = 4 wc directly calculate using Lemma |4.8[ 

(4.72) ||ue||2>/ \ve\'^dx> I c^r-^e-"^"^^^ dr ^ c^T{0,2^/Is'eKR), 

Jm*\Br Jr. 

where 

(4.73) r(0,i) = -log(t)-7 + O(i), t\0, 

is the incomplete Gamma function and 7 « 0.5772 is the Euler constant [1]. Hence 
we obtain for sufficiently small e: 

(4.74) \\v,\\l > c\- log(2V^Aei?) - 7) > Clog (^), 

which is what is required. □ 



Corollary 4.12. //A^ 4 t/ien Ae < (elogi 



Proof. An immediate corollary of (|4.5ip and (|4.17|) is the relation 



q-2 



(4.75) C£A2log-i-< (elogi 

Note that e''^ < ^/eX^ < e^^ for some ^1,2 > and e small enough, which is a 
consequence of (|4.56p and (|4.55p . Therefore, 

(4.76) log^V - log-, 

and the conclusion follows. □ 
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4.8. Further estimates. The results in the previous section could be used in a 
standard way to improve upon some earlier estimates. 

An immediate consequence of the sharp upper estimates of is the following. 
Corollary 4.13. \\v^\\g = 0(1). 

The boundcdness of the norm also allows to reverse estimates of \\ve\\2 via 

(USB)- 

Corollary 4.14. 

r o(i), iv>5, 

(4.77) \\ve\\l=\ O(logi), iV = 4, 

I , 1 £-8 

[ 0(6-2—), iv = 3. 

We now prove that the bound also implies an L°° bound. 
Lemma 4.15. l|ivl|oc. = 0(1). 

Proof. Note that by (i?*) the function is a positive solution of the linear inequal- 
ity 

(4.78) - Av^ ~Veix)v^ <0, xeR^, 
where 

(4.79) V,{x) :^ S,vP-\x). 
From the radial estimate (|3.1ip we obtain 

N 

(4.80) v,{x)<Cg\\ve\\g\x\--. 
Hence, using Corollarv 14. 131 we obtain 

(4.81) V,ix) < S.CP-^v.r-^lxl-'^ < aixpf , 

for some constant C* > which does not depend on s or x. As a consequence, 
is a positive solution of the linear inequality 

(4.82) - Av^ - K ix)ve < 0, X e M^, 

where V.,{x) = C*\x\~^ € Lf„^(M^), for some s > N/2. The resuh can then 
be concluded by the weak Harnack inequality for subsolutions of (|4.82p (cf. [251 
Remark 5.1 on p. 226]). Here we give an elementary proof that also works in 
the present context. Integrating the inequality in (|4.82p over a ball and applying 
divergence theorem, by monotonic decrease of v^(x) in we have 

(4.83) \VvM\ < T-Sn I V.{y)vMdy < CV(0)|x|i-V, 

m JB|,|(o) 

for some C, C" > independent of s or x. Integrating again along the straight line 
from to a;o, we obtain 

(4.84) v,iO) < Veixo) + C"i;,(0)|.To|^, 

for some C" > independent of e or x. We then conclude by choosing |a:o| suffi- 
ciently small independently of e, using (|4.80p and Corollarv 14. 131 □ 

A standard consequence of the L°° bound and elliptic regularity theory is the 
following convergence statement. 

Corollary 4.16. Ui in C^(R^) and L''(R^) for any s >p. In particular, 

(4.85) v,iO) ~ 1^1(0). 
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Proof. Indeed, a consequence of the L°° bound of Lemma 14.151 and convergence 
in D^{M.'^) via compactness result for monotone radial functions in Lemma l3.ll 
is convergence in L*(]R^) for any s > p. Then Calderon-Zygmund estimate [TSl 
Theorem 9.11] implies convergence in Wi^^{M.^) and, hence, by Sobolev embedding 
also in C;^j"(]R^). Since the nonlinearity in (i?*) is smooth, using Schauder's esti- 
mates [m Theorem 6.2, 6.6] we conclude convergence in C;q^(K^). Finally, taking 
into account that the constants in Schauder estimates are uniform with respect to 
translations, we deduce convergence in C^(E^). □ 

Taking into account that 
(4.86) u,iO) ~ X7^'v,iO), 

we can use (|4.85p to estimate the amplitude of Ue(0) to derive (|2.13p . which com- 
pletes the proof of Theorem 12.51 



5. Supercritical case p > p*. 

5.1. The limit equation. For p > p* the limit equation 

(Po) -Au-\u\P-^u+\u\''-^u^O inM^, 

admits a unique positive radial ground state solution uq £ £'^(E^). Further, it is 
known that uq £ C^(R^), uo{x) is monotone decreasing function of and there 
exists Co > such that 

(5.1) lim Ixl'^-^uoix) = Co > 0, 

see |51 Theorem 4] for the existence, or [501 HI] for the existence and asymptotic 
decay, and HU [TH| for the uniqueness proofs. 

Similarly to p.6|) . the ground state uq admits a variational characterization in 
the Sobolev space £'^(IR^) via the rescaling 

(5.2) uo(x) := wof-^j, 

where > is the radial (i.e., depending only on \x\) minimizcr of the constrained 
minimization problem 

{So) So:=m\ f \Vw\^ dx we D\R'^), p* f Fo{w) dx = l\ , 

where Fq is defined by p.l[) (see [U Section 5]). Similarly to p.2p - (|3.5p . one 
concludes that the minimizcr wq solves the Euler-Lagrange equation 

(5.3) -Awo = So{\wor^wo-\wor^wo) in R^. 
Further, wq satisfies Nehari's identity 

(5.4) / \Vwo\^ dx ^ So [ {\wo\P - Iwol") dx, 
and Pokhozhacv's identity (see e.g. [51 Proposition 1]) 

(5.5) / Wujol'dx^SoP* [ (^-^-^-^)dx. 
Jr« J \ p q J 

Taking into account that HVwoHi ~ ^o, we then derive from Nehari and Pokho- 
zhaev's identities the relation 

(5.6) WwoVp - \\wo\\^, = ^WwoW; - -Ikoll? = 1, 
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which leads to the exphcit expressions 

fK'7\ II IIP {i-p*)p II ii« ip-p*)q 

(5-7) \\wo\\^ = -, llwoll^ = 7 — . 

(<? - p)p [q - p)p 

Remark 5.1. Note that the arguments leading to (|5.7p also give non-existence of 
non-trivial weak solutions u e D'^{R^) D LP{R^) D L«(M^) of problem (Pq) in the 
case 2 < p < p* and q > p. 

5.2. Energy and norms estimates. To control the relations between and 5*0 
it is convenient to consider the equivalent to (5*0) scaling invariant quotient 

(5.8) 5oM:= V l^^l'^^^ ^ weD'iR''), f Fo{w)dx>0. 

{p* /r« ^oiw) dx 
Then 

(5.9) 5*0 = inf SqIw). 

toeDi(R") 
Fa(w)>0 

Lemma 5.2. < S'e - 5*0 ^ as e ^ 0. 

Proof. To show that < simply note that 

(5.10) So < So{w,) < S,iw,) ^ S,. 

To control S'^ from above we will use the minimizer wq as a test function for (S'e). 
In view of (jS.ip . we have Wo € ^^(K^) if and only if > 5. Therefore we shall 
consider the higher and lower dimensions separately. 

Case N > 5. Testing (5^) against wo, we obtain 

(5.11) S, < S,{wo) < ^ <So + 0{e), 

(l-e|kolli2(R«)) 

which proves the claim for N > 5. 

To consider the lower dimensions, given R > 1 we introduce a cutoff function 
r]R e C^(M) such that r]R{r) = 1 for \r\ < R, < i]{r) < 1 for i? < |r| < 2R, 
^ii(^) = for |r| > 2R and |?/(r)| < 2/i?. Then taking into account (|5.ip . for 
s > j^32 compute 



(5.12) 



/ \V{mwo)?^So + 0{R 

JR" 



-(N-2)\ 



(5.13) / h«^^orda:=||,«oili.(M«)(l-0(i?^-^(^-2))), 



r ( 0(log(i?)), TV = 4, 

(5.14) / |?7flu;oP = <^ 

-'r" [ 0{R), N = 3. 

Case N = i. Let R = e^^. Testing (5^) against r/RWo and using the fact that 
p > 4, we obtain 

So + 0(R-^) 



(5.15) S, < Seiwo) < 



1/2 

l-0(i?-4) -£0(l0gi?)' 



< *±^<3 ,<s. + o(.i„gi), 



1-0 s-i) -O e\o: 



1- 



e' 
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which proves the claim. 

Case iV = 3. Let R — e^^l"^ . Testing (5^) against rjRWQ and using the fact that 
p > 6, we obtain 

s + o(r~^\ 

(5.16) S,<S,{w^) < !^ -—T73 

1-0(R-^) -eO(R) 



(l-0(e-V2) -0(ei/2)j 
which completes the proof. □ 
Lemma 5.3. llw^Hoo < 1 ||we||s ^ 1 jor all s > p* . 
Proof. In view of (11.31) and p.6p we have 

(5.17) \\We\\oo ll^telloo < 1- 

Using Sobolev's inequality and Lemma 15.21 we also obtain 

(5.18) WweWl, <S-^Ww,\\l = S-^Se = S-^So{l + o{l)). 
Then for every s > p* 

(5.19) \Mi<\Mf, 

so the assertion follows. □ 
Lemma 5.4. e||we||2 — > 0. 



Proof. Since is a minimizer of (5^), we have 

(5.20) 1=P* [ F,{w,)dx=p* [ Foiw,)dx-p*Uw,\\l 
Therefore 

(5.21) So[We) - - 



N-2 

{p* J^^ Foiw) dx) " {l + ^e\\w,\\ij 



Assume to the contrary of the statement of the Lemma that limsupg_j.Q e||w'e||2 
TO > 0. Then by Lemma 15.21 for any sequence £„ — >■ we obtain 



Se^ ^ ^o(l + o(l)) 



(5.22) So < Soiw.J = — < ; " < So, 

1 + 



a contradiction. □ 

5.3. Proof of Theorem 12.31 Consider a sequence of e„ — > 0. Since ||Vwe,J|2 = 
Se„ — > 5*0, the sequence (e„) contains a subsequence, still denoted (£«), such that 

(5.23) We„ w in D^{M.^) and w,^ w a.e. in R^, 

where w G D^(R^) is a radial function. By Lemma 15.31 the sequence {we„) is 
bounded in (M^) and L°°(M^). Using Lemma [3.11 and Sobolev inequality, we 
also obtain a uniform bound 

N — 2 N — 2 

(5.24) w,{x) <C\x\-—\\Ww,\\2 <2C\x\- — So, 
for e sufficiently small. Using Lemma [3T] we conclude that 

(5.25) w,^ w in L^R'^) for any s G (p*, oo). 
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(5.26) 



Taking into account Lemma 15.41 and (|5.20p we also obtain 

/ Fo{w)dx = lim / Fo{wi;^)dx = lim (l+p*-^\\w^^\ 

Jjjjv n— >oo Jg^N n— >oo V 2 

By the weak lower semicontinuity we also conclude that 

(5.27) l|Vw||2 < liminf ||VweJ|2 = Sq, 

that is ui is a minimizer for (Sq). By the uniqueness of the radial minimizer of (Sq) 
we conclude that w = wq. 

We now claim that (we„) converges strongly to wq in D^{R^). Indeed, we have 

(5.28) ||V(We„ - Wo)|l2 = l|VWe„|i2 + |iVwo||2 - 2 / VWe^-^'wodx 

= '5'e„ + 5o — 2 / VWe„ • Vwo dx. 

Estimating the last term and taking into account (j5.3p . (j5.6[) and the fact that by 
Holder inequality 



(5.29) / foiwo){we - wa)dx <\\faiwa)\\-p^\\w^-wo\\p 

<C||w;o|ir'll^e-^«o||p^O, 

we obtain 

(5.30) / \/w^^^ ■ \/wo dx = So / fo{'Wo)wi;^ dx 



^ So foiwo)wo dx + So foiwo)iwe„ - wo)dx 
= 5o(l + o(l)), 

which proves the claim. 

Since (we„) converges to wo in _D^(R^) and in i^(M^) for any s > p* , similarly 
to the proof of Corollarv l4.16l bv the standard elliptic regularity we conclude that 
(wg^) converges to wo in C^(]R^). The proof of of Theorem 12.31 is then completed 
by taking into account the uniqueness of wo- 

5.4. Remarks on a slightly supercritical limit problem. Here wc discuss the 
asymptotic behavior as p ], p* of the minimizer wo of the limit variational problem 
(^o). For convenience, set S := p — p* > 0. To highlight the dependance on S, 
in this section we denote the ground state energy in (|5.9p by Sq, while Wq will be 
used to denote the corresponding minimizer. Also, in this section the asymptotic 
notation such as <, etc., is in terms of 5 — 0. 

The following summarizes our results regarding the asymptotic behavior of Wq 
as (5 1 0. 

Proposition 5.5. < 5q — 5* ^ for S 10. In addition, it holds 

(5.31) < WoiO) < , 
and, provided that q > -^^^r^, 

(5.32) wf,{0)^S^. 

Let us note, however, that the asymptotic of Wq(0) for general values of q is 
open, and numerical evidence suggests that the conclusion of (|5.32p is false for q 
sufficiently close to p* . 
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To prove Proposition l5.51 we first establish a few basic estimates for the behavior 
of the minimizer of the quotient in (j5.8[) as (5 — > 0. 

Lemma 5.6. ||u;^||oo < 1, ||Vu;^||2 < 1, ||u.^||p < 1 and \\w^o\\q ^ ^■ 

Proof. The first inequality is an immediate consequence of ||uo|!oo < 1 and (|5.2p . 
To prove the second estimate, consider a suitable fixed test function w € C^(R^) 
satisfying < w < 1. Then from (|5.8p and (j5.9p wc can conclude that S'q < 1 as 
(5 — >■ 0, implying the result. The last two inequalities are immediate consequences 
of (EJl). □ 



We now establish a rough upper bound on the amplitude of Wq. 
Lemma 5.7. ||wolloo < . 

Proof. In view of the gradient estimate of Lemma 15.61 by Calderon-Zygmund in- 
equality [HI Theorem 9.11] applied to Wq solving (|5.3p we conclude that |lwo|ljy2,p^jgjv) 

is uniformly bounded and, hence, HViuqUoo < C for some C > independent of 
6 for sufficiently small S > 0. This yields the following estimate for some c > 
independent of 5: 

(5.33) c||^o'llL+^ < hw'oWUBBmi < f Iw'ol^dx < \\w'Jl, 

where R = || Wg||oo/(2C), and we used monotonicity of Wq{x) in |a;|. The result 
then follows from the fact that \\wf)\\l ^ 6 by ((5J)) . □ 

The relations in ()5.7[) immediately lead to the following lower bound on Wo('^)- 
Lemma 5.8. 

Proof. Indeed, by (j5.7p we have 



^('Z-P*)ll«^ollL""*"'ll"'oll^ 
and the result follows from ||woi|^ > and smallncss of S. □ 



(5.34) <^II^^II^<^('Z-P*)II«^^IIL"^*-'||"'^II^ 



Importantly, for sufficiently large q we can prove a matching upper bound, yield- 
ing the precise asymptotic behavior of the niinimizer's amplitude as 5 — )■ 0. 

Lemma 5.9. If q > '^(^^^2} ^^^''^ ll^olloo ^ 61-p' . 

Proof. In view of Lemmas 13.11 and 15.61 and Sobolev inequality, we have 

(5.35) w'oix) < uim{Cp,\xr^\\wX',Cg\xrT\\w'o\\,}, 

< min I |x| 2 , (5<! |x| 1 j. 

In view of (|5.1|) . (|5.2p and Lemma we can apply Newtonian kernel to {Pq). We 
obtain 

(5.36) Wo{x)=SoAn . dy, 

jR« \^ — y\ 
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where An — ^-^^j^jvtf^- In particular, for q > ^I^n^2) have (with a shght abuse 
of notation) 

(5.37) w'oiO) = ^ {{w',{r)r''^{w'o{r)y'ydr 

< 5,(1 + 0(1)) / {w^o{r))P'-\dr 

Jo 

< / min |r 2 ^J-Jr ij" '^rdr, 
Jo 

^ Jr Jo 

JV-2 iV + 2 ^ iV(W + 2) 

< i? — -(_ Jg(]V-2) 5(iV-2) _ 

Minimizing for q > ^I^n^2) function 

JV-2 iV + 2 „ iV(iV + 2) 

(5.38) ^psiR) ■■= R — ~ + (5^J<^^i? 
we obtain 

(5.39) niinV'5(-R) = V'5(^*) <5^, 

-/?>0 

where 5" («-2k,-p-) , □ 

We also establish the energy convergence estimate. 
Lemma 5.10. < - ^ as 6 ^ 0. 

Proof. Taking into account (|5.7p we obtain 
,5,40, s..<S.M)-^^-{^y"st 

To control S'q from above we will use the Sobolev minimizers {Wx)xyQ as a family 



of test function for (S'q). Using (|4.3p we obtain 
(5.41) 5o^(W^a) 



To minimize the right hand side of (|5.4ip , we need to maximize for A > the scalar 
function 

(5.42) ^(A) :=^||VFi||PA-5(^-2)(p-P*)-^||w^i|i9A-^(^-2)(9-P*). 

p q 

It is easy to see that ip achieves its maximum at 

P{q-P*)\\W^\'>\T^-^^ 



q{p-p*)\\Wi\\l 



(5.43) A, := 
and 

(5.44) i^{K)=A{p,p\q)\\W,\\p'-' \\Wi\U ■ 
where 



(5.45) A{p,p* ,q) -.^ p*p "i-p q^i-p \[- — — 

\P-P 



p-p 
q-p 
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In particular, when S ^ p — p* — > we have A{p,p* , (?) ~ 1 and '>p{X*) ~ 1, so 

(5.46) S'o < S'oiWx,) = {ij{X,)y'^S, = 5,(1 + o(l)), 

which completes the proof. □ 

Remark 5.11. Instead of Wx we can use rescalings of an arbitrary function w € 
Di(K^) n L9(R^) as a family of test function in ([SliT]) . Then, taking into account 
that by Sobolev imbedding w £ LP (R^) and, hence, by interpolation we have 
w G LP{R^) as well, the above argument with generic q > p > p* leads to 

(5.47) So{p,p*,q)A^{p,p*,q)\\w{f^ < \\\/w\\l \\w\\f^, 

which could be interpreted as a supercritical Gagliardo-Nirenberg type inequal- 
ity. Similar ideas where used in |10| to establish sharp constants in the clas- 
sical Gagliardo-Nirenberg inequality, which formally coincides with (j5.47p when 

1 < q <p <p*. 

6. SUBCRITICAL CASE 2 < p < p* REVISITED: PROOF OF THEOREM 12.11 

In the subcritical case Pokhozhaev's identity implies that the limit equation (Pq) 
has no positive finite energy solutions. As discussed in the Introduction, to under- 
stand the asymptotic behavior of the ground states we consider the rescaling in 
(|1.4p . which transforms (P^) into {Re), with the associated limit problem as £ — >■ 
given by (_Ro) (see Sec. [1]). 

Let : M — > R be a bounded C^-function such that 

(6.1) Ge{w):=-\w\P--\w\'~'-^\w\'^ 

p 2 q 

for < w < e~!^, Ge{w) < for w > e^p^, and Ge(w) = for u; < 0. For 
e G [0,e*), consider a family of the constrained minimization problems 

(SI) SL:=ini\ [ \Vw\^ dx w e H^{R^), p* [ Geiw)dx=l 
Ur" Jr" 

Note that all the problems (5^), including the limit problem {S'q), are well posed 
in the same energy space iJ-'^(R^). According to [SJ Theorem 2], {Se) admits a 
radial positive minimizer for every eg [0, e*). In view of its uniqueness |17j . the 
rescaled function 



Veix) := 



/S'e 

coincides with the radial ground state of (Re)- 

In order to estimate S'^ , consider the associated dilation invariant representation 

(6.3) SUw):^ 4. weM',, 



[P* Imn Ge{w)dx^ 
where M'^ -.^ [Q < u <£ H^{R^), G^iw) dx>0}. Clearly 

(6.4) S',^ 'S^H 

and for sufficiently small e wc have 

(6.5) S'o < S'.iwe) < SUwe) = S',. 

Indeed, since by definition p* J^^ Ge{we)dx = 1 and Ge(s) is a decreasing function 
of e for each s > 0, we have € -^oi and the second inequality again follows 
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by monotonicity of Ge(s) in e. At the same time, by continuity wq G ML for 
sufficiently small e. Therefore, using wq as a test function for {S'^), we obtain for 
sufficiently small e 



(6.6) 



— <S'o + (e^) 



Therefore, SI 



Arguing as in the proof of Lemma 14.21 we may conclude that 

{q-p*)p p{q-2) 



\p — 
p 



(6-7) „^.„p 

Then, using this identity to compute Sq (ui^ 
some tedious algebra we obtain 

2{p*-p) 



2(9 -P)' 

and the convergence of S'^ to 5*0, after 



(6.8) 



lim I 



p*{p-2)-' 



lim 



{p* - 2)p 



{p~2)p*- 
Go{w.)dx — > 1 as £ — > 0. 



In particular, this implies that p* Jj 
exists a rescaling 1 such that p* Go('w^)dx 



Hence, there 
1 and S'^{we) 5*0 for 



Wg^x) := Wfr^X^x). This implies that {w^) is a minimizing family for (Sq) that 
satisfies the constraint used in the analysis of [S]. Then, applying [5l Theorem 2] 
we conclude that for a sequence e„ — > we have i&e^ — >■ H) strongly in iJ^(R^), 
and in view of the convergence of (A^) we have w^^ — > u) as well, where Hj is the 
minimizer of (Sq) satisfying the constraint. Therefore, by uniqueness of minimizers 
of (i?o) we have w = wq and the limit is a full limit. 

Finally, arguing as in the proof of Lemma [4.151 using Ijweljp. instead of the 
norm to control the growth of at the origin, we also conclude that ||i«e||oo ^ 1 
as e — >■ 0. Then by standard elliptic regularity, similarly to the proof of Corollary 
14.161 we conclude that converges to wo in i*(R^) for any s > 2 and in C^(M^), 
which completes the proof of Theorem 12.11 
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